The ice shell on Enceladus, an icy moon of Saturn, exhibits strong asymmetry between the northern and southern hemispheres, with all geysers compacted over the south pole, even though the external configuration is almost perfectly symmetric. Using an idealized thin ice model, we demostrate that this asymmetry may form spontaneously, without any noticeable a priori asymmetry (such as a giant impact or a monopole structure of geological activity), as opposed to previous studies. Infinitesimal amounts of hemispheric asymmetry in the ice shell thickness due to random perturbations are found to be able to grow indefinitely, ending up significantly thinning the ice shell at one of the poles relative to the other and thereby allowing the fracture formation there.
Despite its small size (252 km in radius) and hence fast heat loss, Enceladus, the second moon of Saturn, still retains a global ocean underneath its ice shell; geyser-like jets of water, methane and other volatiles are shot out of the ice shell at the south pole. These unique characteristics infer a high astrobiological potential, triggering interest while bringing puzzles. One of the puzzles is why all geysers, and hence most of the heat flux, are concentrated near the south pole (1) (2) (3) . This puzzle is twofold: on one hand, we need to understand why the geysers tend to gather to one spot, and on the other hand, why the spot is located at the south pole, knowing that the configuration of the two hemispheres is almost perfectly symmetric due to the low obliquity (4, 5) . Previous works have achieved the observed dichotomy by imposing an a priori anomaly in the south polar ice shell, mechanically or thermally, initially or constantly (6) (7) (8) (9) .
Despite the successes, these hypotheses suffer from a common issue that the origin of the asymmetry relies on either a giant impact or a monopole structure of geological activity, followed by true polar wandering (10) (11) (12) , which requires some luck to form only one hot-spot as observed.
A work concurrent with ours (13) makes progress towardss lifting the requirement for initial asymmetry. The authors propose that the overpressure induced by a secular cooling in the history could trigger a fracture at one of the poles, where the ice is thinner; once the initial fracture forms, the overpressure gets released, preventing the same fracture from forming on the other pole. For the initial fracture to grow, however, the ice thickness over the south pole by the time the initial fracture was formed has to be around 9 km (the north pole should have the same thickness without other symmetry breaking mechanisms), which is close to the present-day ice thickness over the south pole and is significantly smaller than the present-day ice thickness anywhere else. Chances are that the ice shell in regions other than the south pole has thickened over time after the fractures formed; alternatively, a significant level of hemispheric asymmetry had already developed before the initial fracture formed.
Our work aims to propose an alternative mechanism to explain the gathering of geysers over Figure 1 : Schematics to demonstrate the physics processes we consider in this model. We consider the Enceladus ice shell that is deformed by the tidal forcing (dashed gray curves), generating tidal heating H that peaks at the poles (reddish patches). Regions with thinner ice (south pole) tend to generate more heat. Heat conduction causes heat loss to the space F (green arrows). Ice flow Q transports ice down-gradient (blue arrow). the south pole, which does not require any significant a priori asymmetry. A mechanism that can potentially lead to hemispherical symmetry breaking should have two characteristics: 1) it should involve some positive feedbacks that can amplify the existing inhomogeneity in the ice shell; 2) it has to be able to select large-scale inhomogeneities compared to small-scale ones.
r z e t 1 H U V w B s 7 B J X B B H T R B C 7 R B B 2 A g w A N 4 A s + W t h 6 t F + t 1 N V q w 1 j u n 4 A e s t 0 / c T p G k < / l a t e x i t >
Without the scale selectivity, the final state will be a "patchy" ice moon, with geysers spread all over the globe.
We consider a global ice sheet whose thickness profile H is simultaneously reshaped by the melting induced by the tidal heating H, the down-gradient ice flow Q, the heat loss to space by conduction F, the convective cooling C that allows extra heat loss when the ice thickness is below the convective threshold H conv = 3 km (when that happens, we think "geysers" are form), and an extra heating B > 0 to maintain the global-mean ice thickness H 0 unchanged.
The tidal force acts on the underlying ocean and tries to raise or lower the ocean-ice interface.
The ice membrane resists this forcing, and the resulting stresses generate the heating in the ice.
The physics processes considered in this idealized ice evolution model are sketched in Fig. 1 .
Tidal heating appears as two reddish patches over the poles, to demonstrate that the tidal heating profile H 0 peaks at the two poles, even if the ice shell has a globally uniform thickness. In a laterally-varying ice shell, tidal heating would be concentrated in regions with a thinner ice shell and thus higher mobility. Following (14) , this effect is accounted by multiplying a factor The equilibrium ice topography h eq can be obtained numerically by evolving the ice thickness model from h = 0 for a long enough period of time until the tendency terms exactly compensate each other. h eq , and the corresponding tendencies induced by the F, H, Q are shown in Fig. 2a . The tidal heating H peaks at the two poles. Compensated by a relative faster heat loss to space F in the polar regions and a poleward ice flow, the system reaches an equilibrium with thinner ice at the two poles. Here, we set γ = 11, which yields a 26.3 mW/m 2 tidal heating rate on global average. Since this heating rate is lower than the average heat conduction rate at 29.9 mW/m 2 , a positive constant balancing heating B is required to keep the global ice shell thickness unchanged. Candidates to provide the extra heating include the dissipation in the ocean and the core.
In the real world, we would not expect a perfectly uniform ice shell to begin with. If the initial ice shell topography h is slightly and randomly perturbed, as shown by the thin dashed This symmetry breaking arises from a normal mode instability. By linearizing the ice evolution model around the unperturbed equilibrium state h eq , we obtain the linear tangential system M (see the last section in the supplementary material for derivation). The most unstable eigenmode h eig is shown in Fig. 2b . It has a pole-to-pole tilting structure. If this structure keeps growing with time, the ice shell over one of the poles (depending on the initial condition) would get thinner and thinner, and finally a parallel set of "geysers" may develop through the mechanism proposed in (13), as we see in Fig. 3 .
Our calculation suggests that, without any priori asymmetry, Enceladus could naturally evolve into a state with a significant hemispheric asymmetry, and with one pole being com- The range of γ that allows symmetry breaking is sensitive to the global mean ice shell thickness H 0 and the surface temperature T s . We therefore explore a range of H 0 and T s that are consistent with observation constraints (15, 16) . For each (H 0 , T s ) combination, we search for a γ that can lead to the hemispheric symmetry-breaking, and meanwhile, corresponds to a weaker global mean tidal heating rate compared to the global mean heat loss to space 1 . The combinations that allow us to find γ are shown in white color in Fig. 4 . Symmetry breaking is permitted in most circumstances, indicating the ubiquity of the hemispheric symmetry breaking, given the Enceladus parameters. Implications can be drawn for the likelihood to develop a significant hemispheric asymmetry on ice-covered planetary bodies with various sizes. From observations of H 0 and T s , the heat loss to space F can be calculated, and, if the tidal heating is a major contributor, the tidal heating profile H can be more or less constrained. Neither of these is sensitive to the planetary body's radius a. On the other hand, the ice flow Q decays quickly with a following a −2 . As a result, the scale selectivity is stronger for planetary bodies with a smaller size; thereby the hemispheric symmetry breaking is more likely. For an ice-covered planetary body with a 400 km radius, the symmetry breaking regime already becomes too narrow to be identified (not shown) 4 . This is consistent with the fact that the small Enceladus is the only icy moon we found to have a strong hemispheric asymmetry in ice shell (3) and why the geysers on Europa, another larger icy moon, are much less well-organized, if there are any (17) .
The highly idealized framework here may lead to a particularly narrow symmetry breaking range. For example, by parameterizing the tidal heating H to be a given profile H mem 0 divided by the ice thickness H, we ignore the fact that the bending rigidity is greater for small-scale perturbations, and as a result, tidal heating and hence the topography enhancement is particularly strong for large scales. Also, by ignoring the self attraction effect, we underestimate the tidal heating, in particular from larger scale anomalies. The slow circulation in the slush zone at the ocean-ice interface can also help damp the small-scale topographies, widening the symmetry breaking regime.
Other ignored mechanisms, such as the ocean dynamics, surface snow cover, dynamics of ice convection, non-Newtonian ice rheology, may also significantly affect the parameter regime where this mechanism works and the rate at which the asymmetry grows. However, since no consensus has been achieved in these complexities, we would rather keep things simple in order to demonstrate the mechanism clearly.
The purpose of our work is more to demonstrate the feasibility of spontaneously hemispheric 4 The criterion is likely to change when considering more complex physics. symmetry breaking than to obtain any quantitative conclusion from this idealized framework, particularly given the huge uncertainties associated with many key parameters. Ideally, once a better estimation of the symmetry breaking regime is obtained, one may prove or falsify the mechanism presented here by measuring the ice dissipation and by finding correlation between the likelihood of symmetry breaking and the size of the planetary body once enough samples are observed. In case this mechanism is relevant, one may apply it to other icy moons. 
Supplementary materials
Overview of the ice shell evolution model The evolution of the ice shell thickness is determined by the melting induced by the tidal heating H, the down-gradient ice flow Q, the heat loss to space by conduction F, the convective cooling C in places ice is thin enough, and an extra heating B > 0 to stabilize the global-mean ice
Here, the ice shell thickness is denoted by H. It can be expressed in H = H 0 (1 + h ), where H 0 = 23 km is the mean thickness (16) , and h is the nondimensionalized ice sheet thickness anomaly (ice topography). θ is the colatitude and a = 252 km is the radius of Enceladus. The tidal heating is assumed to be mainly due to the dissipation in ice shell, especially given that the ocean flow and the associated dissipation can be strongly reduced by the crustal constraint by the solid ice shell (18, 19) . We follow the thin ice model by (14, 20) to calculate the tidal dissipation in the ice shell H (Eq.4), which consists of three components: membrane mode H mem , mixed mode H mix and bending mode H bend . Among the three components, the membrane mode dominates; it corresponds to heat generation through the extension/compression and tangential shearing of the ice membrane. In a homogeneous ice shell, the membrane mode tidal heating H mem 0 (subscript 0 denotes a globally uniform ice shell) is not evenly distributed across the globe (14, 20) ; instead, it peaks at the two poles (see Fig. 5 ). With a latitudinal varying ice sheet thickness, regions with a thinner ice shell tends to generate more heat due to the higher extensibility there. This concentration of heat generation in the thin ice regions are taken into account by multiplying the factor (H/H 0 ) pα = (1 + h ) pα to the heat generation. We here choose p α = −2 to take into account the reduction of ice shell rigidity in thin ice regions due to both the reduced thickness and the higher temperature. The idealized Maxwell body used here has been shown to underestimate the total tidal heat generation (21, 22) . To compensate this underestimation, a multiplicative factor, γ, is incorporated in the tidal heating formula. Since the total tidal heating in the ice shell is poorly constrained, we leave γ as a tunable parameter.
Heat conduction model
The upward heat flux at the ice-ocean interface depends on the temperature gradient there. However, since the ice temperature is not a prognostic variable in our model, we need to prescribe an ice temperature profile. Following (23) . We assume that the tidal heating is concentrated at the ice-ocean interface, and that the heat conduction within the ice shell is efficient enough so that the vertical temperature profile is always in equilibrium, we approximate the vertical temperature distribution in the ice shell using the equilibrium profile. Since the heat conductivity of ice varies inversely proportionally to temperature, κ = κ 0 /T = 651/T W/m/K (24, 25) , the equilibrium temperature profile should be a power law function of the depth, connecting the melting temperature T m = 273 K at the ice-ocean interface and the surface temperature T s .
Here z is the distance above the ocean-ice interface. The radiative equilibrium temperature that can balance the income solar radiation is T s = 59 K; however, (19) has shown that a layer of dusty snow on top can elevate the near-surface temperature to 120 K. Also, the highly relaxed craters at the surface is more consistent with a relatively warmer surface temperature (26) . We therefore set the surface temperature to 100 K. An overall warmer ice sheet would enhance the tidal heat generation and reduce the heat loss to space, ending up reducing the gap between the tidal heat generation and the heat loss to space. Using this power-law temperature profile, the upward heat flux at the interface can be parameterized as
where h = (H − H 0 )/H 0 is the normalized deviation from the mean ice thickness H 0 , F 0 = κ 0 log (T m /T s ) /H 0 , and κ 0 = 651 W/m. Convection in the ice shell can significantly increase the efficiency of heat transfer, but a convective ice shell may not be consistent with the highly varying ice shell thickness, especially at the south pole (27) .
Ice flow model
We take a thin ice model to estimate the ice flow at the ocean-ice interface as in (28) . Before adopting the model, we justify the thin ice approximation. We consider here an inhomogeneous global ice sheet floating on an ocean, with its thickness H varying with latitude θ. The topography at the ice top s can be expressed by the variation of ice thickness h = H − H 0 , assuming constant column mass at depth following (3, 15, 29) ,
where ρ w = 1050, ρ i = 920 kg/m 3 are the density of water and ice. In the above calculation, we ignore the vertical variation of the gravity acceleration rate g and the flexural support by the ice shell, which should be accounted in a more accurate calculation (30). The tilted ice top exerts pressure gradient force to the ice shell below. Force balance yields
where V (θ, z) is the ice flow speed at latitude θ and height z, and a is the radius of Enceladus.
At the top and bottom of the ice sheet, atmosphere and ocean cannot exert tangential stress onto the ice shell (we ignored the form drag induced by the interface topography),
eta, the ice viscosity, decays exponentially with the ice temperature (31),
where η melt = 10 13 Pa·s is the viscosity at the melting temperature. η melt has a large uncertainty and, as the shell gets thicker than a few kilometers, the melting point viscosity may decrease from 10 16 to 10 13 Pa·s. We choose a η melt value that is close to the lower limit to maximize the heat generation as (14) . Also, this choice is consistent with a 20-km thick ice shell on average. ice is too rigid to flow. In the upper ice shell, the force balance is different: both the pressure gradient force and the vertical shear stress from below tend to accelerate the ice flow, but is counterbalanced by the horizontal extensional stress.
Since most of the ice flow is contributed by the soft ice layer at the bottom, our ice flow model only represents the soft ice layer, and completely ignore the slow ice flow in the upper part of the ice shell. To represent the friction provided by the motionless rigid ice above, at the top of the ice shell, we instead adopt a no-slip boundary condition at the top as in (28),
The governing equation for the ice flow can be obtained by dropping the second term in Eq. 8 and integrating vertically,
Taking another vertical integration and substituting in the vertical profile of viscosity (Eq. 10)
We finally take another vertical integration of V from the bottom to the top of the ice shell,to get the column-integrated ice flow Q,
The ice flow is proportional to the slope of the ice top surface (∂ θ h/a), and the cubic power of the ice depth H. Applying non-Newtonian ice rheology, such as Glen's law, would make the ice flow be proportional to the fifth power of H and the third power of ∂ θ h. The latter would give rise to a much stronger scale selectivity: the suppression to l t = 10 topography in Newtonian rheology will be experienced by l t = (10) 1/3 ∼ 2 in non-Newtonian rheology.
Tidal heating model
The purpose of this tidal heating model is to provide the heating given the ice shell thickness.
We first calculate the tidal heating generated in a globally uniform ice shell following (20, 32) . induced by the coupling between the stretching and bending. We then follow (14), estimating the tidal heating generated in a non-uniform ice shell by multiplying an ice thickness dependent factor to the membrane mode.
The thin ice model was derived from equilibrium of forces (32) 6 . If the ice shell has a global uniform thickness H 0 , one can solve a constant parameter PDE for the radial displacement w, and the auxiliary stress function F , given a tidal potential U .
Here, A and ∆ are differential operators defined following (32),
where ∆ is the spherical Laplacian (sin θ) −1 ∂ θ sin θ∂ θ + (sin θ) −2 ∂ 2 φ . φ denotes longitude. ρ w is the water density. a is the moon's radius. For an ice shell with constant thickness H 0 , the 6 Unlike the original paper by Beuthe, we ignore the self attraction effect induced by the mass redistribution in the ocean. The geopotential induced by self attraction is inversely proportional to (2l + 1), where l is the degree of the load, and thus can enhance large scale deformations in particular. Also, we ignore the geopotential anomaly induced by the surface deformation, w, which has been shown to be small constrained by a rigid ice shell above (18) . These effects turn out to be negligible. extensibility α 0 and the bending rigidity D 0 are constants
Following (14), µ inv , µ 0 are defined as
and set the ice elastic shear modulus µ e = 3.5 GPa and the ice Poisson ratio ν = 0.33. The ice viscosity η is defined in Eq. (10).
The tidal forcing is mainly eccentricity-induced. As derived in (33), the tidal forcing consists of three spherical harmonic modes, Y 2,0 , Y 2,2 and Y 2,−2 . Since our focus is lateral distribution of tidal heating, we can ignore the interference between different tidal potential modes.
Also, because the planet is symmetric between east and west ignoring the weak self-rotation, we can combine the Y 2,2 and Y 2,−2 mode into one,
Here, ω is the self rotation frequency, and the amplitudes are given by 
Following (14) ) that can be generated in a homogeneous ice shell with thickness
Im(α 0 ) * Figure 5 : The meridional profile of the tidal heating generated in a uniform ice shell.
A factor H 0 /H is multiplied to the membrane component, while keeping other components unchanged. This factor comes from the assumption that α is proportional to the ice thickness H;
it concentrates the tidal heating to regions where ice is already thin, reenhancing the inhomogeneity of ice thickness (ice topography). In (14) , the tidal heating and the temperature profile of the ice shell is calculated through iterations. Since the regions with a thinner ice shell tend to generate more heat, the thinner parts of the ice shell will be warmer, which, in turn, can reduce the rigidity and further amplify the heat generation. This mechanism is absent in our model, as we prescribe the temperature profile to be in an equilibrium state without any internal heat source (Eq. 5). To compensate that, we modify the factor to be a power of H 0 /H, i.e.,
where p α is a free parameter smaller than −1.
Linearized equation for ice thickness evolution and the unstable mode
Perturbing Eq. (1) around the equilibrium profile h eq while ignoring B and C gives
The above linearized dynamic system can be written in a matrix form through finite difference.
The convective cooling C can be ignored because the ice shell thickness in equilibrium state is greater than the convective threshold H conv = 3 km everywhere, and thus convection will not be triggered. The balancing term B can be accounted by multiplying a matrix [I − 1w] to the matrix form corresponding to the above linear system M, where w = diag(sin θ/N θ ) is the area weight matrix with each grid's area weight written on the diagonal, I is the identity matrix, and 1 is the all-one matrix.
The most unstable eigenmode (shown in Fig. 2b of the main text) has a pole-to-pole tilting structure because this structure is least damped by the ice flow, and meanwhile, is most strongly enhanced by the tidal heating. This can be seen more clearly under a simpler configuration.
We drop the spherical curvature terms, we ignore the inhomogeneity of the ice thickness in the equilibrium state, we assume that the bending mode and mixed mode are negligible and that the global mean tidal heating contributed by the membrane mode can exactly balance the heat loss to space, and we simplify the 
We can tell from the above equation that, on one hand, the ice flow term (third term) damps perturbations with all wavenumbers, but the gravest mode (k = 1), which has the largest possible scale, is least damped. On the other hand, the perturbations grow because of the tidal heating term (first term, tidal heating minus heat loss). Since the tidal heating in a homogeneous ice shell, H mem 0 , peaks at the poles (i.e., dominated by the cos(2θ) component), the wavenumber of perturbation being amplified is offset by a wavenumber 2 from that of the existing perturbation.
Therefore, a perturbation with a specific wavenumber can only grow through its interaction with other wavenumbers. k = 1 is the only exception because |k − 2| equals 1; this makes k = 1 the fastest growing mode. 7 Using cosine series guarantees the boundary condition: ∂ θ h , and hence ice flow, vanishes at the two poles.
